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Abstract
The aim of this paper is the determination of the largest n-dimensional polytope with n þ 3
vertices of unit diameter. This is a special case of a more general problem Graham proposes in
(J. Combin. Theory A 18 (1975) 165).
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
We know that among the geometric objects in Euclidean n-space with a given
diameter the sphere has maximal volume. A natural question arises if we consider
polytopes instead, and in fact this problem has been considered several times. In this
paper we deal with the following question: Given natural numbers k and n; which
polytope with k vertices of unit diameter in Euclidean n-space has the largest
volume? To this end we deﬁne the following volume function:
Deﬁnition 1.1. Let nX2 and kXn þ 1 be positive integers. Then we deﬁne Vðn; kÞ to
be the maximum volume of a polytope with k vertices of unit diameter in Euclidean
n-space.
Let us brieﬂy recall the following well-known results. For k odd, Reinhardt
showed [4] that Vð2; kÞ is achieved by the plain regular k-gon. In this case
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we have
Vð2; kÞ ¼ k
2
cos
p
k
 
tan
p
2k
 
:
It is also known that Vð2; 4Þ is achieved by the square (though not in a unique way,
see [5]).
However, for even k44; it is deﬁnitely not the plain regular k-gon which has
maximal area. In fact, Graham showed [3] that for k ¼ 6 the largest area is not
obtained by the regular hexagon. The latter one is approximately equal to 0.6495,
whereas Vð2; 6Þ ¼ 0:6749y: The case k ¼ 8 was solved by Audet et al. [1] who
proved Vð2; 8Þ ¼ 0:7268y:
Considering an n-simplex, we observe that for a ﬁxed base P1;y; Pn the height
and therefore the volume is maximal if and only if dðP1; Pnþ1Þ ¼? ¼ dðPn; Pnþ1Þ ¼ 1:
Thus we obtain:
Remark 1.2. For every nX2; Vðn; n þ 1Þ is achieved by the regular n-simplex, and is
thus given by
Vðn; n þ 1Þ ¼ 1
n!
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n þ 1
2n
r
:
We proceed as follows. For k ¼ n þ 2 the optimal conﬁguration is obtained
in a similar way, as we shall see in the next section. In order to determine
Vðn; n þ 3Þ we ﬁrst consider the special case Vð3; 6Þ which in fact gives rise
to a more general procedure leading to the main result of this paper,
Theorem 4.1. We end with an outlook over open problems and some concluding
remarks.
2. The calculation of Vðn; n þ 2Þ
The convex hull of each conﬁguration of n þ 2 points in n-dimensional space is
topologically equivalent to a double pyramid, which we obtain in the following way.
Let us choose n points in a hyperplane H forming an ðn  1Þ-simplex S and two
points P1 and P2 lying on opposite sides of S: Then we have
Vðdouble pyramidÞ ¼ 1
n
 height  base;
where the height is, of course, bounded by dðP1; P2Þ; hence by 1, and the base is
bounded by Vðn  1; nÞ: On the other hand, this maximum is really achieved (though
not in unique way). Thus we obtain the following.
Theorem 2.1. For nX2 we have
Vðn; n þ 2Þ ¼ 1
n
 Vðn  1; nÞ
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(where Vð1; 2Þ ¼ 1). Hence, by Remark 1.2,
Vðn; n þ 2Þ ¼ 1
n!
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
2n1
r
:
3. The calculation of Vð3; 6Þ
The construction of the maximal n-dimensional polytopes with n þ 3 vertices is
best understood if we look at the special case n ¼ 3 ﬁrst.
Without loss of generality, we may restrict our investigation to polyhedra with
triangular faces. By Euler’s polyhedra formula we obtain that each polyhedron with
six vertices must have eight faces and 12 edges. There are two topologically distinct
cases (Fig. 1):
1. No vertex has a valence greater than 4: In this case the polyhedron is topologically
equivalent to the regular octahedron. (We shall call this the octahedral case.)
2. At least one vertex has valence 5. In this case the polyhedron is topologically
equivalent to a pyramid over a pentagon which is partitioned into three triangles.
In particular, there are two vertices with valence 5. (We shall call this the
pyramidal case.)
The next step is to determine the maximal volume in each of these cases. It will
turn out that the volume achieved in the octahedral case is much smaller than the
volume achieved in the pyramidal case.
3.1. The octahedral case
We ﬁx two opposite vertices P and Q: Since each vertex has valence 4; we know
that for all the other vertices P1; P2; P3; P4 the line segments PiP and PiQ are edges
of the polyhedron.
Let P01; P
0
2; P
0
3; P
0
4 be the projections of P1; P2; P3; P4 to the plane p that is
perpendicular to PQ and that intersects PQ in its center. It is obvious that
dðP0i; P0jÞpdðPi; PjÞ and dðP0i; PÞ ¼ dðP0i; QÞpmaxðdðPi; PÞ; dðPi; QÞÞ: Thus the
polyhedron with vertices Q; P; P01; P
0
2; P
0
3 and P
0
4 has diameter less than 1:
Fig. 1. The octahedral and the pyramidal case.
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The tetrahedrons PQPiPk and PQPiP
0
k have the same base and the same height
and hence the same volume. (PQPiP
0
k is obtained by shearing PQPiPk:) Applying
this two times we ﬁnd that the volume of PQP0iP
0
k equals the volume of PQPiPk:
Thus the volume of QPP01P
0
2P
0
3P
0
4 equals the volume of QPP1P2P3P4 and we can
restrict ourselves to the case that the vertices P1; P2; P3 and P4 lie in the plane p:
But in this case we know that the volume of the polytope is bounded by 1
3
Vð2; 4Þ ¼ 1
6
:
(In case of the regular octahedron we can achieve equality.)
3.2. The pyramidal case
Now we investigate the pyramidal case. Let P and Q be the vertices with valence 5
and P1; P2; P3 and P4 the other vertices of the polyhedron. Let p be the plane
perpendicular to PQ intersecting PQ in its center. As in the octahedral case we
conclude that the volume of the polyhedron does not change if we project the points
P1; P2; P3 and P4 into the plane p: Thus we may again assume that the vertices
P1; P2; P3 and P4 lie in p:
Let P5 ¼ PQ-p and h ¼ dðP; QÞ: Since dðP; PiÞp1 ði ¼ 1;y4Þ we obtain
dðP5; PiÞ2 þ h24p1; i.e. dðP5; PiÞpr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h2
4
q
: Since hA½0; 1	; we obtain rA½
ﬃﬃ
3
p
2
; 1	:
The volume of the polytope is 1
3
hS where S is the area of the pentagon
P1P2P3P4P5: Thus we must solve the planar problem to maximize the area of
P1P2P3P4P5 depending on r:
The pentagon P1P2P3P4P5 satisﬁes dðP5; PiÞpr for i ¼ 1;y; 4 and dðPi; PjÞp1
for 1piojp4: We deﬁne the diameter graph D of the pentagon by:
* The vertices of D are the points P1;y; P5:
* fPi; P5g ð1pip4Þ is an edge of D if and only if dðPi; P5Þ ¼ r:
* fPi; Pjg ð1piojp4Þ is an edge of D if and only if dðPi; PjÞ ¼ 1:
In the following we identify an edge fPi; Pjg of D with the line segment PiPj:
As in [3, Fact 2] we conclude that the diameter graph of the pentagon with
maximal area is connected.
Suppose PiPj and PkPl have no point in common, then the triangle in equation
yields dðPi; PjÞ þ dðPk; PlÞodðPi; PkÞ þ dðPl ; PjÞ (see Fig. 2). Thus fPi; Pjg or
fPk; Plg is not an edge of D:
Graphs with this property are said (by Conway) to have a linear trackleation. By a
result of Woodall [6] the graph D must be one of the graphs in Fig. 3.
The problem of determining the area of the pentagon is now reduced to an
examination of each of the six cases.
An easy calculation reveals that in cases (a)–(d) the pentagon has an area less then
0.567 for each possible value of r in ½
ﬃﬃ
3
p
2
; 1	: (For example, in case (b) the pentagon lies
in a sixth part of a circle with radius 1 and therefore the polygon has an area
less than 0.53.) As we shall see later, the maximal area in case (f) is always larger
than 0.58.
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Thus the only remaining cases are (e) and (f). We shall prove that in case (e) there
is no local maximum and therefore the maximal area of the pentagon is obtained in
case (f).
In case (e) we have one of the situations as shown in Fig. 4.
For notation purpose, we restrict ourselves to the case of the left ﬁgure in the
following arguments. The other cases only differ from this one in a permutation of
the points P1;y; P5:
Fig. 2. D has a linear trackleation.
(a) (b) (c)
(d) (e) (f)
Fig. 3. Possible linear trackleations of D:
Fig. 4. Case (e).
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We must maximize the area of pentagon P1P2P3P4P5 depending on a1; a2 and b:
We show that the restrictions dðP1; P2Þo1; dðP1; P4Þo1; etc. cannot be satisﬁed by
a local maximum.
By elementary geometry it follows immediately that a local maximum can only be
achieved for a1 ¼ a2 ¼ p2: But then the sum of the area of the pentagon and the area
of P2P3P5 is equal to
1
2
dðP2; P5ÞdðP3; P1Þ þ 12 dðP3; P5ÞdðP2; P4Þ: Thus it is clear that
the maximal area of the pentagon is achieved if the triangle P2P3P5 vanishes, i.e. for
the case b ¼ 0: Since in this case dðP1; P4Þ41; this means that there is no local
maximum in case (e).
Thus we are left with the last case (f). This is shown in Fig. 5a.
Let P5 ¼ ð0; zÞ; P2 ¼ ðx; 0Þ; P3 ¼ ðx; 0Þ; a¼+P4P2P3 and b ¼+P2P3P1: Then
P1 ¼ ðsin b; cos b xÞ and P4 ¼ ðsin a;cos aþ xÞ: The area of the pentagon is
A ¼ zðcos bþ cos a 2xÞ  1
2
ðsin aðcos a 2xÞ þ sin bðcos b 2xÞ
þ ðz  sin bÞðcos b xÞ þ ðz  sin aÞðcos a xÞÞ:
(Area of the bounding rectangle minus area of the triangles AP3P4; BP1P2; CP5P1
and DP4P5:)
The condition dðP1; P4Þ ¼ 1 yields
ðsin a sin bÞ2 þ ðcos bþ cos a 2xÞ2 ¼ 1
and thus A depends only on a: Some tedious calculations reveal that AðaÞ is strictly
concave, i.e. it has only one maximum. Since it is symmetric in a and b; this
maximum is achieved for a ¼ b:
Thus we are left with the symmetric cases shown in Fig. 5b. We obtain
y ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ð1
2
þ xÞ2
q
and z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p
: The area of the pentagon is
Aðr; xÞ ¼ 1
2
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 4x  4x2
p
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  x2
p
:
This expression has a unique local maximum for xA½0; 12	 which can be found by
setting the ﬁrst derivative equal to zero. The resulting optimal value x0ðrÞ is a
solution of the following sixth order algebraic equation:
64x6 þ 96x5 þ ð16 64r2Þx4 þ ð96r2  40Þx3
þ ð12r2 þ 12Þx2 þ 36r2x  9r2 ¼ 0:
Fig. 5. Case (f).
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Since rX
ﬃﬃ
3
p
2
we obtain that Aðr; x0ðrÞÞ4Að
ﬃﬃ
3
p
2
; x0ð
ﬃﬃ
3
p
2
ÞÞ ¼ 0:5862y: Since the area
of the pentagon in cases (a)–(d) is bounded by 0:567 and in case (e) there is no local
maximum, this proves that the maximal area of the pentagon is obtained in case (f)
and not in any of the cases (a)–(e).
Finally, the maximal volume of the polyhedron can be found by maximizing the
expression 1
3
hAð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h2
4
q
; x0ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h2
4
q
ÞÞ for hA½0; 1	: Some more calculations reveal
that the maximum is obtained for h ¼ 1: In this case we ﬁnd
x0 ¼ 0:3032y y0 ¼ 0:5957y
z0 ¼ 0:8112y A
ﬃﬃﬃ
3
p
2
; x0
 !
¼ 0:5862y
and hence the volume is
Vð3; 6Þ ¼ 0:1954y
and there exists a unique polyhedron that achieves this maximum.
4. The calculation of Vðn; n þ 3Þ
Now we are ready to generalize the arguments of the previous section to higher
dimensions. As in the three-dimensional case we can restrict ourselves to polytopes
that have only ðn  1Þ-dimensional simplices as facets.
For nX4 at least one vertex of an n-dimensional polytope with n þ 3 vertices is
connected to all the other vertices by an edge. (Suppose PQ is not an edge. Project all
the other vertices P0;y; Pn into a hyperplane orthogonal to PQ: This yields an
ðn  1Þ-dimensional solid with n þ 1 vertices. This is a double pyramid and hence at
least n  1 of the n þ 1 vertices are connected to each other vertex Pi: But P and Q
are connected to at least n vertices and therefore at least n  3X1 vertices P0;y; Pn
are connected to all the others.) So the polytope is a pyramid over an ðn  1Þ-
dimensional polytope with n þ 2 vertices.
Thus as in the three-dimensional case we have only two topologically distinct
possibilities.
In the octahedral case we have six vertices with valence n þ 1 and n  3 vertices
with valence n þ 2: Let P and Q be two vertices of valence n þ 1 and R1;y; Rn3 the
vertices with valence n þ 2: The points P; Q; R1;y; Rn3 span an ðn  2Þ-
dimensional space. Let p be the plane orthogonal to this space intersecting the
ðn  2Þ-simplex PQR1yRn3 in the center of its circumsphere. Projecting the other
four points P1; P2; P3; P4 into p does not change the volume of the polytope and does
not increase its diameter (this is again a shearing, cf. Section 3.1). Thus the volume of
the polytope is
1
n
V2ðP1P2P3P4ÞVn2ðPQR1yRn3Þ;
hence bounded by 1
n
Vð2; 4ÞVðn  2; n  1Þ:
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In the pyramidal case we ﬁnd n  1 vertices P1;y; Pn1 with valence n  2: Let p
be the plane orthogonal to P1yPn1 intersecting the ðn  2Þ-simplex P1yPn1 in
the center of its circumsphere. If we project the remaining four points to p we obtain
the planar optimization problem of Section 3.2. In the n-dimensional case,
rA½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðn2Þ
2ðn1Þ
q
; 1	: (The distance of the center of P1yPn1 to the vertices is at
most n2
n1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n1
2ðn2Þ
q
:)
Since now r can be smaller than in Section 3.2, the simple bounds derived with
r ¼ 1 are not sufﬁcient. We must bound the area of the pentagon in dependency of r:
In case (c), for example, we ﬁnd that, for rX
ﬃﬃ
3
p
2
; the area of the pentagon is bounded
by 2
ﬃﬃ
3
p þ2r
4
: (Equality holds for P5P3>P2P4 and P2P4>P1P3: See Fig. 6.) For rp
ﬃﬃ
3
p
2
the area is less than 0.5, and for r ¼ 1 we obtain the bound 0.567 given in Section 3.2.
In all the other cases the area of the pentagon is even smaller. As in the three-
dimensional case we can exclude case (e) and ﬁnd that the area of the pentagon
is still maximal in case (f). Thus we can proceed in the same way as in the three-
dimensional case and ﬁnd that the maximal volume can be found by maximizing the
expression
1
n
hn2Vðn  2; n  1ÞAðrðhÞ; x0ðrðhÞÞÞ;
where hA½0; 1	 is the edge length of the ðn  2Þ-simplex and rðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðn2Þ2ðn1Þ hn1
q
:
As in the three-dimensional case the maximum is achieved for h ¼ 1 and thus we
have shown the following theorem:
Theorem 4.1. For nX3 let r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðn2Þ
2ðn1Þ
q
: Then we have
Vðn; n þ 3Þ ¼ Aðr; x0ðrÞÞ
n
Vðn  2; n  1Þ;
where A is the function defined in Section 3.2 with local maximum at x0ðrÞ:
In particular, for n-N we have r- 1ﬃﬃ
2
p and Aðr; x0ðrÞÞ-0:5002y; hence
lim
n-N
n
Vðn; n þ 3Þ
Vðn  2; n  1Þ ¼ 0:5002y ð1Þ
Fig. 6. Case (c).
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We remark that
lim
n-N
n  Vðn; n þ 2Þ
Vðn  1; nÞ ¼ 1 ð2Þ
(see Theorem 2.1).
5. Concluding remarks
In principle, the preceding techniques (consideration of the topologically distinct
cases, projection, linear trackleation) may be applied to the determination of
Vðn; n þ kÞ for k43: However, Bender and Wormald [2] showed that
1
972ðk  1Þð2k  5Þð3k  6Þ
4k  10
k þ 2
 !
is a good approximation for the number of topologically distinct cases in three
dimensions. The number of possible linear trackleations of the ð2nÞ-gon is
1
8m
X
djm
d odd
fðdÞ4m=d þ 4m2 þ 2m1  1
(see [3]).
Thus the number of topologically distinct cases and the number of possible linear
trackleations in each case, grows exponentially.
However, one could ask if, corresponding to the limit formulae (1) and (2), we can
determine
lim
n-N
n
Vðn; n þ kÞ
Vðn  k þ 1; n  k þ 2Þ
for k43:
We remark that the maximal polytopes with n þ 1; n þ 2 or n þ 3 vertices have an
axis of symmetry. The problem whether each maximal polytope has at least one axis
of symmetry (see [3]) is still open.
The calculations in Section 3.2 suggest the following generalized problem. Given
a symmetric ðk  kÞ-matrix D; determine the largest k-gon P1yPk with dðPi; PjÞpDi;j :
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